Light Scattering Group

Light Scattering Inversion

A method of inverting the Mie light scattering equation of spherical homogeneous particles of real and
complex argument is being investigated. The aims are to obtain a mathematical proof which shows it
possible to uniquely determine the size parameters of a particle from its light scattering irradiance
function and to develop mathematical methods and computational procedures for this to be achieved in
practice.

Research by us [1,2] has shown that unique values of € and B can be found from the Mie
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coefficients a“ and b" or the amplitude functions Sl ( 4 and ) for real and complex particle
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parameters. This can be shown by starting with the electromagnetic field * ‘in a linear,
isotropic, homogeneous medium which satifies the homogeneous vector Helmholtz equations [3]
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where . To solve the homogeneous vector Helmholtz equation in spherical polar
coordinates we first construct the two divergence free vector functions
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where 7 is an arbitrary vector and ¥ a given scalar. The problem has now been reduced to finding
the solution of the scalar equation in spherical polar coordinates because M is a solution of the vector
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equation v M+EM= Oif \Pis a solution of the scalar Helmholtz equation.

Solutions of the scalar Helmholtz equation in spherical polar coordinates are given by
v(r.0,0) = ©(8)O(I)R(r) 44

where the three functions are respective solutions of the equations
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Solving the above equations gives two linearly independent solutions

W o = cOS(mO) P (cos )z, (k1) 4.6a
and

Vomn = Si“(’”(")P.,m(COS ¥z, (kr) 4.6b
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where “® is one of the four spherical Bessel functions Jn ,
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h" = J ”7" P (COS 0)1s the associated Legendre function of order 77, degree #i(

O=sm<=n ). Using these results we obtain explicit expressions for the vector spherical harmonics
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where the superscripts 1 and 3 denote J K (,\r) and h" ( k )respectlvely and p specifies either
even or odd functions. Linear combinations of these vector spherical harmonics will give the magnetic

and electric field vectors of the incident, scattered and internal fields. Those of the scattered field are
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where aﬂ and b" are the scattering coefficients which can be obtained by using the continuity of the
transverse field components at the boundary of the spherical particle. Similar coefficients may also be
obtained for the internal fields using the same principle.

With results collected in the far field region the vector spherical harmonics simplify to give
t'b
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where

B, (0.0)=a,r,(9) +id,m,(9)]e 4100

Cya(0.0) =[ia,7,(9) - a,7,(9) ] 4.10b

are angular eigenvectors of the vector wave equation in spherical polar coordinates.

The scattered field from a sphere can then generally be written as a linear combination of the above
eigenvectors to yield
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for an incident electric field having unit polarisation vector ﬁ - &‘ p]' N &vp\ “and amplitude
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0. These orthogonal functions may be applied to obtain the multipole coefficients a" and ~®.By
utilising the orthogonality of the angular vector functions we obtain

™ F*(9.9) B,dQ=— % Al J(s7,+8.m )cig—h%%4;

Hence, if * ( )and Si( )are known functions, the scattering coefficients can be found by
a, = M"H)I [, (9)7,(9)+ S, (9, (9)]sin v 41
b = mj:[glw)n,w) +8, (~z9)r,(~z9)]sin&h9. 41

these coefficients allow unique values of € and ﬂ to be determined. Associated with a particular
spherical particle there exists a particular set of boundary conditions which are satisfied for all values
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of the order 71 = lfor which a* and : R contribute to the scattering pattern. We note that these
equations are dependent only on the relative refractive index and radius of the particle together with a
constant - the propagation constant in the ambient medium. The set of equations are therefore unique to
the particle.

The internal Mie coefficients CR s d" and the internal Riccati-Bessel functions W" (ﬁ ) s W" (ﬁ )
can however be eliminated from the equations to give
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Hence for a known set of Mie coefficients aﬁ and ! R, the particle parameters may be extracted by
plotting the function

4.16

against order 77 for different values of Zuntil a straight line parallel to the order axis is obtained.

‘When this condition is satisfied I=o and F ( ) ! 2

Furthermore, since the Riccati-Bessel functions are non-linear in 4, no other value of 4 will yield the

as is demonstrated in Fig. (4.1).

required straight line. Thus unique values of € and ﬁ can be found from the Mie coefficients or the

amplitude functions S” (19) and Sl (?3) because of Egs. (4.14).
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